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On the No n- Euclidean Geometry. 

By William E. Story. 



In volume IV of this Journal, pp. 332-335, I showed how the formulae of 
any Non-Euclidean plane trigonometry could be deduced from those of the 
Euclidean spherical trigonometry, namely by the replacement of each side by a 
certain constant multiple of that side and each angle by a certain constant 
multiple of that angle. In the present paper I propose to make the corres- 
ponding deduction for any Non-Euclidean spherical trigonometry, and inciden- 
tally to give a number of other formulae relating to distances, angles, areas and 
volumes. Some of these formulae exhibit an important principle which seems to 
me to be new, and which may be roughly expressed thus : the distance (or angle) 
between any two geometrical elements (points, planes or straight lines) is, to a constant 
/actor pres, the same, in whatever way it is measwred. For example, the formulae 
will show that the distance of a given point from the nearest point of a given 
plane is always proportional to the angle between the given plane and the nearest 
plane (i. e. that which makes the least -angle with it) through the given point. 
Again, the least (or greatest) distance from a point of one of two given straight 
lines to a point of the other is proportional to the least (or greatest) angle which 
a plane through one of the straight lines makes with a plane through the other ; 
and, if the lines intersect, this is again proportional to the angle between the 
lines. A similar theorem holds for the least (or greatest) distance between a 
point and a straight line and between a plane and a straight line, etc. Such 
greatest or least distances are of such frequent occurrence that it is convenient 
to speak of them without distinguishing between greatest or least ; I therefore 
call such a distance a max.-min. distance, and later, designate a constant 
multiple of it, simply as the distance of two elements. 

I give also expressions for the area of any spherical polygon, the circum- 
ference and area of any circle (the former was given by Gauss), the afea of the 
surface and the volume of any sphere, and show that the double plane is 
identical with a sphere of quasi-infinite radius. 



Story : On the Non-Euclidean Geometry. 181 

I assume the absolute given in the form 

(1) Q. = x 2 + ?/ + '/— 1 = 0, 
in point-coordinates, and 

(2) ij = u 2 + v 1 + u? — 1 = 
in tangential coordinates. I also write 

£l u = x\ + y\ + z\—l, Q-ij =z<a^ + y<2fr + z<% — 1, 
Un = u\ + v\ + w\ — 1 , u y = m,m, + « ( «, + w 4 w, — 1 . 

As there are three flat elements, namely the point, the plane, and the 
straight line, there are six species of distance, each having its own unitary 
constant. Throughout this paper I shall use T, T to denote points, M, M' 
planes, L, 1! straight lilies, and denote the non-Euclidean distance of two 
elements by the letters which represent them bound by a vinculum. It is 
rather convenient to designate angles as "distances." Then, for instance, the 
non-Euclidean distance (angle) between the plane M and the straight line L will 
he ML. 

In accordance with the principles laid down by Dr. Klein in his paper 
"Ueber die sogenannte Nicht-Euklidische Geometrie,"* I define the distance 
between two points to be Jc times the natural logarithm of the anharmonic ratio 
of the points with respect to the intersections of the absolute with their junction, 
and the distance between two planes as h' times their anharmonic ratio with 
respect to the tangent planes to the absolute through their intersection. According 
to these definitions, if 

T=(x lt y lt Zi), T'=(x i , y 2 , z 2 ), M— (^, v lf wj, M'= (w 2 , v 2 , w 2 ), 



< S > *P = » h, ( g; + ^g=g |) = *t cos- (JB^J , 

(4) MM' = U In ( "" + *ffi~ ffag " ) = 2» cog- (~M=\ 

\g-i2— Vffls — ffllgV Wolffs/ 

the expressions as circular functions being those which I shall generally use. 

The max.-min. distance of the point T {x x , y lt z x ) from a point of the 
plane M (u t , v x , w x ) is the max.-min. value of 

where (a* 2 , y it z 2 ) satisfy the equation Wj:r 2 + v x y 2 + w^ + 1 = ; 
i. e. a-g, y % , z^ are determined by the conditions that 

^(a'jcZxa + y x dy % + z x dz^ — n i2 (a- 2 cfa; 2 + y^dtfy + 2 2 d%) = 

* Math. Annalen, Vol. IV, pp. 573-625. 
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shall be satisfied by every set of values of. dx%, dy 2 , dz% which satisfy 
«! dx 2 + v 1 dy 2 + w 1 dz 2 = , 

hence 1222 x 1 — Q.& x % = "ku x , 

Ci^y-i. — £i n y i =^v 1 , 

•^22 z l ^12 z 2 ~— ^ w l i 

and 

= ^{u 1 x % + v x y % + W& + 1) = H22 — ^12 + 5t, 

// >"12 i*22 ) 

^(^crj + «i2/i + w i z i + 1) = flufigg — Xlf a + il 22 — fl 12 + 3,, 
^Uii = A»(«i«i + »i3h + ^1% + 1) — ^22 + ilu — X, 
i. e. writing ilfi = m^ + v x y x + w^ + 1 , we have 

(n u — n 22 ) Mj, = n u n 22 — nf 2 , (n 12 — r^) un = ^2 m x , 

whence 

As _ ii u + Jf t _ Jft + ffn ; On _ -guffu — ffi 
£„ ^,, + Jf, ff u ' Ai (Su + ^Mi' 

and the max.-min. value required is 

2,/fc eog-W^ffn-jq = aa sin- C -^) . 

Similarly the max.-min. distance between the plane M and a plane through 
Tis, 

2» sm-i (-^L\ 

as is also evident from the symmetry of this form. These distances being always 
proportional, I take 

(5) MT— 2W sin- 1 ( J£— ) ■ 

On a nearer consideration of formulae (3) and (4) , it appears that the distance 
between two points and the max.-min. distance between two planes one through 
one point and one through the other are proportional, as are also the distance 
between two planes and the max.-min. distance between a point of the one and 
a point of the other. 

If a point, plane, or straight line move continuously from a certain initial 
position to a certain final position, according to a definite law, the aggregate of 
the successive positions may be called a "course," and the measure of the total 
motion or "length of the course" may be defined to be the sum of the 
infinitesimal distances between successive positions of the point, plane, or straight 
line. 
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To obtain the length of any course we must express the distance between 
the points x, y , z and x + dx, y + dy, z -\- dz, between the planes u, v, w and 
u + du, v + do, w + dw, or between the infinitely near positions of the straight 
line, and integrate between the two extremities of the course, taking account 
of the equation of the course. A course may be called "flat" or "doubly flat" 
according as its elements satisfy one or two linear equations. Thus a flat course 
from one point to another is a plane course, a doubly flat course from one point 
to another is a straight line, a flat course from one plane to another is an 
aggregate of positions of a plane always passing through a fixed point, and a 
doubly flat course from one plane to another is an aggregate of positions of a 
plane rotating about a fixed straight line in it. Then, as 'I prove below, the 
length of a course between two given points or planes is a max.-min. when the 
course is doubly flat. 

The max.-min. distance of a given point Tfa, y lt %) from a point of a 

given straight line L whose equation is 

x— x% _y— y*_ z— % 
a> ~ B' ~ a 

is the distance of x 1 ,y 1 , Zi from the farthest or nearest point, say £ , v\ , £ of the 
line. Let 

£ = «,+ *£, V = y 2 + Z,B, ^ = z,+ XG', 
then the condition for A, is 

[n 22 + 2a {Ax, + By, + 0%) + tf {A" + B» + 0" 2 )] {Ax, + By, + G%)dX 
- \£i n + ^ (Ax 1 + By x + 0'*$\ [{Ax, + By % + G\) + X (A" + B>* + G' 2 )]d% = 
for all values of d%, and the max.-min. distance is then 

2a cos- 1 ( h± M^±£M±M \ 



- 2,7, cn*-K / ^n±MK±S± °'^( A '^ + B'y x + G\) 
™ V Q n i { A% + B y;i +CI\) + l{Ai* + B*+Ci*)-\ ■ 

Writing 

Ax, + B Vl + G'zy = N,', A'x, + By, + G% = $[, A" + B'* + G'* = R' z , 

the condition for % is 

^ {E % fl 12 — N{ Nj) = N{ Qw ~ W &* , 

and the max.-min. distance is 



MkG0S V Ovi&Oi-w 
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The max.-min. distance of T from the farthest or nearest plane through 
L is 0, but the max.-min. distance of L from a straight line through T r as I shall 
show further on, is proportional to the value just obtained for the max.-min. 
distance of Tfrom. a point of L. I take therefore 



(6) LT~ %%¥' cos" V 1 W7Wo — jm ~ 2%¥ sm 



£!*{&&» — N?) 



2iJ{f" C Qg— 1 . . / ^2 ^38 ~f~ '"18 ^82 ^^12 ^18 ^28 . 

SJ n (// 2 2 >«88 ^28) 



2iF'sin- 




\/ii n {ii^ii { 



%¥' cos" 1 



4i 21 JV? 

M Nj> iJ" 8 



VS2 n (R»» &w -N 2 »*) 



2iW> sin" 1 . /XPBn + Wn-ZmNj'Ti . 



= 2i#" am-^/^"* ^Iffa— 2 % r sff» _ 2 ^" cos" 1 

In the third and fourth of these expressions Z is supposed to be given as the 
junction of (a^, 3/3, s 2 ) and (a%, 3/3, z 3 ), in the fifth and sixth by equations of the 

and in the seventh and eighth as the intersection 




• U% V — v % 



w- 



■w 



form A „ - B „ _ ^ ^ 

of (u 2 , v % , w 2 ) and (u 3 , v 3 , w 3 ); also 

N'j. = A'x x + JB"yi + 0% , T t = x x u 2 + y x v % + a^ + 1 , i2" 2 = A n + jB" 2 + <7" 2 , 

N t " = A'\ + B'v, + C"w 2 . 

The third and fourth forms are obtained from the first and second by 
putting A'=x 3 — x 2 , B'=y 3 — y 2 , G'=z 3 —z 2 ; the fifth and sixth are obtained 
from the first and second on eliminating A', B', C, x % , y 2 , z 2 by means of the 

equations 

A': B: C" = B'w 2 — G"v 2 : G'% — A"w 2 : A"v 2 — B"u 2 , 

u 2 x 2 + v 2 y 2 + w 2 z 2 + 1 = , A"x 2 + B"y 2 + G\ = ; 
and the seventh and eighth are obtained from the fifth and sixth by putting 

A": B": G" = u 3 — u 2 : v 3 — » 2 : w 3 — w 2 . 
If (tt 2 , v 2 , w 2 ) is the plane of ^and L, T 2 = 0, and 

(7) TT= -MM" sin- Cf„f V %„Q = ™» «in- ( * ''^ „) • 
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The max.-min. distance between the plane M(u X) v u w x ) and a plane through 
the straight line L whose equation is 

A" ~ B" ~' C" 



is 2af cos- i^ J^ + ^g.- way ffa , 

where 

N x " = A'% + B'\ + G"w x , Nj' = A'\ + B"v % + G"w % , B" 2 = A M + B" % + C"\ 
If the equation of L is given in the form 

a— ®% _ y — y% _ z—z* 
A' B' O ' 

then A": B": G" = B% — G'y % : G% — A% : A'y 2 — B>x 2 ; 

and putting A'u x + B'v 1 + G'w x = N' M , u x x 2 -\- v^ + w x z % + 1 = M % , 
the max.-min. distance will be found to be 



2i¥ sin- 1 . / N * Q ™ + R'*M\-ZN< M M % N1 

If the straight line i were given as the intersection of the planes (tt^, v % , w 2 ) 
and (u 3 , v 3 , w> 3 ) , the max.-min. distance between the plane M and a plane through 
L is the max.-min. value of 

2ik' cos-f , gi 8 ±jgil_ V- 

the condition for a, is 

^ (U12U33 — U13U23) + (U12U23 — U13U22) = . 
and the max.-min. distance required is 

2*# cos" \/ ff"ff" + ff "g» ~ 2 &uff*V* . 

The max.-min. distance between if and a point of L is , as is also the 
max.-min. distance between L and a point of M. As I shall afterwards show 
the max.-min. distance between L and a line in M is proportional to the above 
given max.-min. distance between M and a plane through L . I take, therefore, 



(8) ML = 2^ IV eos-s A " ff " + ff " ff * ~ ^»g»g g = 2^ IV sin" 1 ___ . 



ffu ffa ffli 

S"21 S"22 f^SS 

gTai gTsa ffss 



= at* ^-^^^^=1^=2^^ 




Vol. V. 
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cos -1 



ffn ^ Air 
if, £ B 2V/ 

#£r JV,' #' a 




= 2tt" sin-V^^- "W^ + *»^ = MF cos-^ . _ 

In the fifth, and sixth of these expressions Z is supposed to be given in the 

form — ■— = - = , and in the seventh and eighth expressions L is 

determined as the junction of (ar g , 2/ 2 , 22) and (cc 3 , ^ 3 , %). 

The fifth and sixth are obtained from the first and second by eliminating 
« 2 , v 2 , w if u 3 , v 3 , w 3 by means of the equations 

u % x % + v % y% + w 2 % + 1 = , u 3 x z + « 8 y 8 + w 3 2 2 +1 = 0, 

jl'ti, + B\ + C"«?2 = , A'u 3 + 5'v 3 + G'w 3 = ; 

inasmuch as (u 2 , v 2 , w$) and (u 3 , v 3 , w 3 ) are any planes through L, it is allow- 
able to assume v 2 = , u 3 = , which simplifies the reduction. The seventh and 
eighth forms of (8) are obtained from the fifth and sixth by writing A' = x 3 ■ — x % , 
£'=y 3 —y i , G' = z 3 —z % . 

If « 2 , 2/2 > % is the point in which the plane M is met by the line L, M z = 0, 
and 

(9) ML = 2»* sin-{— 4^S==) 

= 2^ 1V sin- 1 /" ±jrjfVfl » ") . 

The max.-min. distance between the line L and a point of the fine U, 
where L is the junction of {x-y, y lt %) and (tc 2 , 2/3, z 2 ), and 27 the junction of 
(x 3 , y 3 , z 3 ) and (x it y if z t ) is the max.-min. distance between L and the point 

/ Xs+Xxj y 3 +Ay 4 jVf^A 
V 1 + A ' l+>* ' l+Xj 
i. e. by (6) the max.-min. value of 

2i¥' coB^jzz±m±mz , 

V A (0B + 2WH + POJ' 

V — — ^^13^'14^^22 1 •* *23 A4 S4 A 'll Ai 18 "84**18 **14**23**12> 

it = i2.j4i2.22 ~p "24 "H ^**14**24**12> 

■a- — — "11 "22 **12 J 



where 
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I also put 



B I2 13 12,24 &-U ^23 ) 


6 = I2 33 ii44- 


- O 8 

"34! 


a ^ LLiiLL^g 11^2 ^^is > 


P — " "11"24 - 


-I2 1 2i2 1 4, 


y = I2 12 I223 I2 13 i2 22 , 


o = I2 12 i2 24 — 


-I2 1 4l2 22 , 


a = I2. 2 gI2 4(1 i2, 24 i2g4, 


p-= i2 2 4ii 33 - 


— I2 2 gi2g4, 


y' = Ii u Ii 3 4 — £2 13 f2 4 4, 


o = I2 13 l2 3 4 — 


— ilyil^; 



•11 "12 


I2 13 


H 14 


•21 "22 


i2 23 


ii 2 4 


31 "32 


"33 


il^ 


41 "42 


*'43 


£244 



namely A, B, a, p, y, are the minors of the second order formed from the 
first and second rows of the determinant 

n r 
n 2: 
n 3 
114 

and B, G,a', P', y', h' are the minors formed from the third and fourth rows, 
i. e. this determinant, expressed as a sum of products of minors formed from the 
first two and last two rows, is 

A G + B 2 - aa! — pP' — yy' — bo' ; 
but the determinant is evidently — A 2 ; where 

«i 2/1 % 1 

a* V% z 2 1 

a% 2/3 z 3 1 

83 4 y 4 z 4 1 

(i. e. A= is the condition that L and II intersect, or lie in one plane), hence 
(10) — A 2 =J.<7+23 2 — aa' — PF — yy 1 — bb'. 

Now the condition for 2, is 

(iljg + 22l2 34 + tfO^XQ + 3U2) — (P + 2^<9 + a 2 J B)(il 3 4 + Ml u ) = 0, 

and from this follows 

P+2XQ + PR _ Q + m 
^ss + 2XQ U + PQ U ~~ Q U + XQ U ' 

and hence the max.-min. value required is 



A = 



2iW cos" 



V 



Put 



'A{Q U + XQ^' 



Q4-XR _ P + XQ 

"'84 "J - *"*44 "'88 "T *""S4 



by the previous equation ; hence 

2, = — 



tQ* 



Q- 



tii^ XV 



W'38 " 
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i. e. t is determined by the quadratic 

(ft — (& 33 B + £l ii P-2il 3i Q)t+PB- <2*= 0; 
but 

£l u P — !l 3i Q = aa>+yy>, 

llGTlCG 

fl 33 B + a u P -2£l u Q = ad + (3p + yy> + $o'=AG + B* + A 2 , 
by (10); also P, Q, B may be written 

P = IXj 3 a — £X 13 y , B = Cl^fi — fl 14 5, 

#= ^23/5 — £l 13 5 = .Q 24 a — H u y, 
hence 

IX} 3 a — ili 3 y , IXj 4 a — n 14 j/ 

fi2 3 ^ — o. 13 8, fi 24 /? — n 14 $ 

the quadratic in t then becomes 

Ct % — (A G + B* + A 2 ) * + A& = , 
•i. e. the max.-min. distance required is 



PB—Q % = 



z=B 



a y 

(3 o 



= AB>; 



2i¥> cos- 1 v /l= 2i¥> e^-K/ ^0+^+^±^(AC+B^+^f-4A&0 



= 2iW sin" 1 *. / ^C— ^ a — ^TV^^ 11 -^— A'f + iAG^ 
V 2ZO ' 

the symmetry of this expression shows that it is also the max.-min. distance 

between L' and a point of L . 

It is very evident, from the investigation leading to (6), that the max.-min. 

distance between a point of L and a point of 27 will be found from this 

max.-min. distance between L and a point of 1! by changing W to k, i. e. this 

distance is 

2ih d vx -i/ AC—B—tf^*/{AC—&—/PY-fWJF 

W 2AG 

Similarly, if L is the intersection of the planes (u lt v x , w^) and (%, v%, w z ) 
and 1! the intersection of (u 3 , v 3 , w 3 ) and (w 4 , v i} w 4 ), the max.-min. distance 
between L and a plane through L', or between I! and a plane through L is 



2 FO 
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where 

F=UllU22 — U»f 8 r =Ul3U24 — U14U23, ^=U33U44— U« 1 

«! V-y W 1 1 

u % v % w% — 1 
u 3 v 3 w s — 1 

W4 V± WJ 4 1 

The max.-min. distance between a plane through L and a plane through L 
is then 



2ild sin- V / vO — ff 8 — P* =F ^(VO ~ ff a — F"f + ^VOF . 

The max.-min. distance between a point on L lt the junction of (x lt y lt 2 X ) 
and (a; 2 , y % , %), and a plane through _L 2 , the intersection of (1%, v 3 , w 3 ) and 
(m 4 , » 4 , Wi), is the max.-min. value of 

2i¥ sin- 1 Jfi w + W + /d*r + W T 

V (/4 + 2i/4 + /•tfaXff* + 2^34 + ^44) ' 

where if/" = ^^ + «? 8 y ( + m,^ + 1 , Jf/ y = w 4 se< + ^2/< + ^^ + 1 , 

but this expression is obtained from 

Q-a + IQ W + /a£ 14 + ^^ 



-l 



V(4i+ 2A/4+ A^«)(^«+ 2/^ + ^44) 
by replacing n 13 , fl 23 , IX 14 , n 24 , n 33 , rx 34 , n 44 , h, cos- 1 by if/", ilf/", i£\ M? y , 
XJ33) TJ34' U44i ^"> sin -1 ; now the max.-min. value of the latter expression is the 
max.-min. distance between a point of the junction of {x x , y lt z x ) and (x 2 , y%, %) 
and a point of the junction of (sc 3 , y 3 , z 3 ) and (x 4 , y it z 4 ); but this distance has 
been found to be 



2ik s ,m-\/ AG — :Bi — J2: ^^( A0 — JB "— J% f + iACJ% 
V 2AG 

where A, G, JB, A are defined as above; hence the max.-min. distance between 
a point on L and a plane through L' is 

2i¥ cos-\ / A ~Q- SB 2 — ^ ^ V ( A — &~ ST + ± A Q& 

= 20? sin" 1 / Ifl + % a + & ± \f( A + & + &f — 44? SB* 
^ 2^ 
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where A, are defined as above, and 

33 = M{"M?— MFMj". 

n u n 12 M(" m? 
ii 21 

Mi" 
M? 



— ® 2 = 



n 22 Mi" mt 

M% Ll 33 II34 

Mr n 4S a 



L 43 



'44 



X x , 

x 2 , 
u 3 , 

U A , 






%, 1 

*f 1 

W 3) — 1 



Vi, «7 4 , 



*. e. 



® = 



SCj, 
«4i 



Zl, 



3h> 

2/2, 2 2 , 1 

« 4 , W 4) — 1 

and © = is the condition that each of the lines L and i' should intersect the 
polar line of the other with respect to the absolute, i. e. the condition for what 
I shall afterwards call the perpendicularity of the lines. The proportionality of 
the last three distances can be best proven by expressing them in terms of the 
coordinates of the lines; /I, [i, p, a are simply proportional factors, let the coor- 
dinates of L and I! be respectively a x , b x , c x , f x , g x , h x and a 2 , 6 2 , c 2 ,/ 2 , g % , h 3 ; 
then 

M^iSfe — z i 2/2) = ^(«i— «g) = a x , ^(z x a^ — a:^) = fi(v x — v 2 ) = b x , 
H x iy» — yi^%)~K w -i.~ w z) = c i, M«h. — «i) = (i(v 1 w i — w 1 v i )=f 1 , 
HVi— y%)=^{w l u % — u x w i )=g x , ?,(z 1 —z i ) = (i(u 1 v i — v 1 u i )=h 1 , 
P (Vs %i— ZzVi) = <y(u 3 — u i ) = a 1i , p(z 3 Xi — x 3 z i ) = a (v 3 — v i ) = b % , 
o{x 3 y i —y 3 x^=a{w 3 — w^~c i , p(x 3 — x i ) = <y(v 3 w i —w 3 v 4 )=f 2 , 

p (2/3 — ^4) = o{w 3 \— u 3 p) i ) = g 2 , p(z 3 — Zi) — a (w 3 v 4 — v 3 u 4 ) = 7t 2 ; 
and 

MA = a\ + l\ + c\ — f x — g\ — h\ , tyB = a x a % + b x h + c x c 2 — /i/ 2 — g x g % — h x h % , 
p*C = 4 + bl + 4 — fl — gl — hi, -kpA = %/, + b x g 2 + c x \ -f/i^ + g x h + h i G z> 
f«V =/! + g\ + h\ — «! — &i — c|, l^S[ = /iA + #i#2 + ^A — «i«2— M2 — CiCa, 
^ =ft + g% + h\ — <A— it — 4, 1 wffV = — «i/» — %2 — cA— /a — ^2 — V2> 
a<T93 = a 1 / 2 +% 2 +c 1 A 2 +/i« 2 +5 r A+ V 2 > ^^=/i/a+M2+tt _ «i«»— & A~ f'A, 
from which follow 

pV = — tfJ., ,u(7a- = ^ff®= — PLpjB, o % Q = — p % V, p<rv=— %a% = — fyA; 
hence 

A 2 (F£ — ff 2 — V 2 ) = ^V (-4 <7— B % — A 2 ) , 
A 4 YD V 2 = /ty 4 ^ OA 2 , pV 70 = ^A G, 
7?o\Aq + * 2 + ® 2 ) = — ^ 2 p 2 (4 0—B* — A % ), 
%WAq s 2 = — ^p^ C5 2 , tfoliltf = — ^, 2 pU G, 
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and therefore 



ro- 


-ff 8 - 


-f 3 =fV(fo— ff 2 - 


-F a ) 3 + 4F/0F 3 




hSM 


2?D 




_ AH 


- 2> 2 ± V(4o + 93 3 + % % f— AAqW 




-.B»- 


2Aq 




_ ag- 


-J'=FaS(AC— £ 2 - 


-J 3 ) 3 + 4LiCkP 



and the proportionality of the three distances is established. I therefore take 



(11) LU= 2ik Y fo-^/ AO-B-JWiAO-a-Ay+iAM' , 

2AG 
in which the quantity under the outer radical sign may be replaced by either of 
the above given equal expressions. It is to be noticed that, on account of the 
double sign, before the inner radical, there are two max.-min. distances between 
two given straight lines, corresponding, as I shall show below, to the geometrical 
fact that two straight lines can be drawn to intersect four given straight lines. 

If the straight lines L and L' intersect, A, y and 93 vanish, one of the 
values of LL' is 0, and the other is 

(12) LL' = 2%W sin- 1 ^/^—^ = 2iW cos" 1 -~^ = 2i¥ cos" 1 -=M= 

<5> 

= 2ih Y cos 1 , . ; 
V— Aq' 

now 



% C0S VW= ln B^B»-AG = ln °' Say ' 
where a is easily seen to be the anharmonic ratio of L and 1! referred to the 
two tangents to the absolute from their intersection, which lie in their plane ; 
namely, the above angle is evidently independent of the particular choice of the 
points T-l, T % , T 3 , T± in either line, hence the value of a will be unaffected by 
the assumption that T % and jT 4 coincide with the intersection of the lines ; now 
a is the ratio of the roots of the equation 

A+2XB + WC=Q, 
and if T A = T % this is 

(n u n 22 - £ii) + 2x (n 13 n 22 - n 12 n 23 ) + tf (n 33 n 22 - n| 3 ) = o , 
i. e. n 22 (n u + 2^n 13 + ^n 33 ) — (n 12 + tn^ = o , 

but this is the condition that the point (« 1 + Acc 3 , yi + ty 3 , % + /la 3 ) shall lie on a 
tangent from T % to the absolute, i. e. a is the anharmonic ratio of T x , T 3 with 
respect to the intersections of the line T ± T 3 with the tangent cone from T % to the 
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absolute, but this is the anharmonic ratio of the lines L and LI, to which 
reference is made above. 

We can now find the max.-min. distances, above mentioned, between a 
given straight line and the nearest or farthest line through a given point, and 
between a given straight line and the nearest or. farthest line in a given plane. 
It suffices to determine the max.-min. value of (11) when L and (x 3 , y 3 , 23) are 
constant and (x 4 , y±, 2 4 ) variable, and when L and (u 3 , v 3 , w 3 ) are constant and 
(«i, v it i£ 4 ) variable. In the former case, evidently 

-AC~ * V i 1 - -Jo-) + AC 

is to be a max.-min.; but there are two independent parameters involved in the 

B % -\-d % d 2 

determination of a straight line through a given point, and taking „ and -—^ 

to be the two parameters it appears that A = or AC — 0, but the latter condition 
makes the max.-min. distance indeterminate, and assuming A = there is still 
a parameter to be determined, which may be done thus : because the lines 
intersect we may put x i :y i :z i :I = x 1 + %x< i :y 1 -\- /l2/ 2 :2 1 + "kz^-.l -\-%, and the 

T) 

expression whose max.-min. value is to be determined is 2ik Y cos -1 , — — , for 

VAC 

which we easily find X = jy- , and the max.-min. value is 



OJZ.V cog / jjtl ^28 ~T ^22 ^13" — ^"'-'18 "13"' 23 . 



■ Ziiyi icicle e, 
^2) 

which is proportional to the value which would be obtained from (6) for the 
distance between the line and the point, namely by an interchange of the suffices 
1 and 3. In the same manner the proportionality of the max.-min. distance 
between a given line and a line in a given plane to the expression obtained from 
(8) for the distance between the line and the plane. 

All the above given formulae for distance may easily be applied to the deter- 
mination of the distance of two infinitely near elements, but the most interesting 
case of this .kind, from the point of view of the Euclidean Geometry, is that 
in which the elements are points, say T(x, y, z) and T' (x + dx, y -\-dy, z + dz). 
For convenience I write 

so 1 f dQ a _l dii j ^ dii j\ 

h£l =2 ( Kd X dx+ -^ d y + w dz )^ 
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then the distance is 
( 13 ) dTT' — 2tk cos ^Q^ + 2 dii + S i ii) 



MB Bin S/nm.^n,, 



£(J2 + 2d£ + d Si £) 



= 2ih-g */ii&li—(Siif, 

neglecting higher powers of dx, dy, dz. This may be put into the short 
symbolic form 



dTT'= 2ik\/s(^) — 2ihV¥hU. 



Similarly the distance between the planes M(u, v, w) and M'{u-\- du, 
v + dv, w + dw), where du, dv, dw are infinitesimal, is 

(14) dMW— 2iJtf — \Zu5 2 u — ($U?= 2iMV¥Tajj, 
where $77 = iriS-du + -§- dv + ~dw ) 

&U = -1 (%^ M + I? dv* + Prdu? + 2 pt-dvdw 

+ 2 ~^-dwdu-\-27^-^-dudv J. 
dzodw d«d« / 

The distance between two infinitely near straight lines L and 11, given by 

their coordinates (a, b, c,f, g, h) and {a + da, b + db, c-\- do, f -\- df, g + %, 

A + e2A) is obtained from (11) by substituting for J., B, G, A their values in 

terms of line coordinates. Then 

B = A + $A, 

G=A + 2oA + h*A, 

where ' 

O = af+bg + ch=0, 

fe -2-(^^+'--+ 2 W^ /+ ---)' 
Now O=0 for any line, and 2hO — — $0 is a differential of the second 
order ; and it will be found that 

(15) dIU= ik* ( AS * A - (dA?±V[Ad>A-{dAfy + 4AWO? \ 
when terms of a higher than the second order are neglected. 

Vol. V. 
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The distance between any two infinitely near positions in a " course " will 
be given by (13), (14) or (15), and the "length of the course" will be obtained 
by integrating this expression between the extreme positions. It will be found 
by the usual method of the calculus of variations that the shortest course 
between any two given points or planes is "doubly flat" ; the integrals in these 
cases are (3) and (4) respectively. 

The same thing may be proved thus: the condition that the sum of the 
distances of a variable point (x 3 , y 3 , z 3 ) from two fixed points (cq, y x , %) and 
(ar 2 , 2/ 2 , Zj;) as determined by (3) shall be a maximum or minimum is given by 
three equations of the fourth degree in (x 3 , y 3 , z 3 ), but they may be written as 
linear homogeneous equations in 

/ 9i?ll d^Zi 9#S3\ / 9Al 9i? 22 <^SS\ J / 9-011 9^22 9^83 - 

\ dx x ' dx % ' 3ic 3 / ' \ dy t ' dy% dy z ) \ 3% 9^ ' 9« s 

respectively, whose coefficients are identical; it is therefore necessary for a 
maximum or minimum that 

9j? 22 9i?88 

dx % dx s 



! ) 






9yi ' 



dy» 

9^22 



dy s 
dQt, 



= 0; 



9% 9«8 9%. 

with the special form (1) of ft the constituents of either row of this determinant 
are the same linear homogeneous functions of (a^, y 1: z^}, (a" 2 , y % , z^) and 
(x 3 , y 3 , z 3 ) respectively, hence the determinant is the product of a constant deter- 
minant and 

*^1 > *^2 > ^3 

2/i. 2/2, 2/2 

Zl . «2 , Z 3 

hence we may write 

Xt^tei+fUBt, 2/s=%i+/«2/2, 2 3 = Xz 1 +/t/%, 
and these substituted in the above-mentioned equations give 

i. e. the point (x 3 , y 3 , z 3 ) lies on the junction of (a^, y x , %) and (a: 2 , y % , z%). The 
same method gives the condition for a plane moving by the shortest course 
from one position to another. This method applied to the case of the variable 
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straight line L 3 {a 3 , b 3 , c 3 , f 3 , g 3 , h 3 ) moving by the shortest course from 
Li{(h, 61, Oi,/ lt g lt h) to L % (a % , b 2 , c 2 ,/ 2 , g 2 , 7%) gives 



fi> 9\i m, 

a il 0%1 °%1 

J%1 9a 1 'hi 

a 3i "3 ) C 3 ) 

f%i 93! "-3! 



-/n — 9i> —K 



a 2 , 

V3! 

«3> 



6l, 

9s, 



— A 2 

— h 



= 0, 



where also 

and we may write 



«3/3+& 3 9 , 3+C 3 A 3 =0. 



a 1 a + 6 1 /3,+ c 1 y> — f x q>—g 1 % — h l <k=Q, 

fi<* + 9iP + hy + <*i<P + hz + ci^ = 0, 
a 2 a + b^ + c^y — f 2 <p — g<>% — h 2 -t = , 
f%a + g»@ + hy + (h<p + 6 2 % + c 2 ^ = 0, 
a s a + & 3 /# + c 3 / — f 3 <p — #3% — h^ = 0, 
/ 3 a + # 3 /? + A 3 y+a 3 <|> + 6 3 % + c 3 ^ = 0; 

and it will be found that the conditions for maximum or minimum will be 
satisfied when a<p + /?# + y$ = , 

i. e. when a, (3, y, $, %, ^ are the coordinates of a straight line, which, as is 
evident from the equations just written, intersects L 1} and its polar with respect 
to the absolute, and Z 2 and its polar, and L 3 and its polar. This line must then 
be one of the two straight lines which meets each of the lines L x , L % and 
their polars, and the conditions show that it may be either. Hence, in moving 
by the shortest course from L x to L % , the variable line L 3 and its polar con- 
tinually intersect both the straight lines intersecting L lt L % and both their polars. 
This may be stated, as will be shown below, in other words, thus : in passing 
by the shortest course from L x to L 2 the variable straight line L 3 slides along the two 
common perpendiculars to L x and L % , and is itself constantly perpendicular to tlwse 
common perpendiculars. 

I now find the conditions for zero-distance oj? "parallelism.' 11 By (3), two 
points T x and T % are parallel when 

(16) n u n 22 — nf 2 =o, 

i. e. when their junction is tangent to the absolute. 
By (4) , two planes M x and Mi are parallel when 

(17) U11U22— UL=0, 

i. e. when their intersection is tangent to the absolute. 
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By (5) , a point and a plane are parallel when the point lies in the plane, 
i. e. when 

(18) Jf!=0. 

By (6), a point T x and a straight line given as the junction of T % and T 3 
are parallel when 

i.i-11 All2 iil3 

(19) flnflsQB =0, 

A2 31 i2 32 II33 
*'. e. when the plane of the point and line is tangent to the absolute. The same 
condition can be obtained more directly from (7) , which gives as the condition 
that the point T x shall be parallel to the intersection L of the planes M 2 and M 3 , 
where M % is the plane containing T x and L, and M 3 is any other plane through L 2 , 

(20) ZWu£=0, 

where T 3 is the result of substituting the coordinates of M 3 in the (tangential) 
equation of T x . Hence either T x lies on L, or their common plane is tangent 
to the absolute. The former is only a special case of the later when differently 
stated, thus : a point and line are parallel when it is possible to pass through 
them both a plane tangent to the absolute. 

Similarly a plane M x and a line L given as the intersection of two planes 
M % , M 3 are parallel, by (8), when 

U11 Uu U13 

( 21 ) U21 U22 U23 =0, 

ZJ31 U32 U33 

or, if the line L is given as the junction of T % and T 3 , where T % is the inter- 
section of M x and L, 

(22) Jf 3 VI^=0, 

where M 3 is the result of substituting the coordinates of T 3 in the equation of 
M-i ; i. e. the line and plane will be parallel when they intersect on the absolute, 
or when the line lies in the plane, in which latter case they have two common 
points on the absolute. It may be remarked that the condition M 3 = is equiva- 
lent to the condition 

AA! + BB+ GG'=0 
that the line 

x — d y — <jf z — 2' 

A> ~ B' ~~C r 
shall be parallel in the Euclidean sense to the plane 

Ax + By+ Gz + D=0, 
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but in the non-Euclidean sense it is the condition that the line shall lie wholly 
in the plane. 

By (11) the two straight lines L and I! are parallel only when A = 0, or 
(7=0, or A = ; if J. = , or (7=0, the distance LI! is indeterminate, and 
the lines cannot strictly be called parallel, indeed either of these conditions 
affects only one of the lines, it is the condition that the line in question shall 
be tangent to the absolute ; the condition A = , i. e. that the lines intersect, 

7} 

makes one of the distances LI! = , the other value of LI! is then 2ih cos -1 



s/AC 
and this also becomes when AG — J3 2 =0, which is therefore the condition 

that L and L' shall be parallel in the strictest sense ; and I shall call them parallel 

only when the two conditions are satisfied : 

(23) A = 0, AG— B*=0, 
i. e. when the lines meet on the absolute. 

I pass now to the conditions for the perpendicularity of two elements. It 
is convenient to have a name for the circular-function involved in any distance, 
and I call it the "arc" of that distance, thus from (3), etc. 

arc tt - ^ivtrn) ' etc - 

Writing also co. = complement, it is easily seen that if E and E' are any 
two elements (of the same or different species) and if P is the polar of E 
(namely, P is plane, point, or straight line according as E is point, plane, or 
straight line) , 

(24) arc EE< = -| — arc WP — co. arc WP, 

provided the proper signs are given to the radicals involved. 

We may also speak of the anharmonic ratio involved in the measure of a 
distance as the "argument" of that distance (abbreviated arg.), thus 

7 ^12 ~r V ■a'ta — ™n ^%% . 



arg. TT' = 

u ia — V I'm — *=u M% 

then (24) may also be written 

(25) arg. EE'= — 



arg. WP 
It is evident that the two elements E, E' are parallel when 

(26) arc EE' — or Q,i.e. arg. EE 1 = 1 . 
I call two elements E, E' perpendicular when 

(27) arc EE'=z%, i.e. arg. EE'= — l. 
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The condition that two points T{x±, y lt z x ) and T (x % , y % , a 2 ) shall be perpen- 
dicular is then 

(28) n 12 =o, 

i. e. either lies on the polar plane of the other with respect to the absolute. 
Two planes M(u lt v lt w^) and M'(u z , v it w 2 ) are perpendicular when 

(29) ~ U«=0, 

i. e. either passes through the pole of the other with respect to the absolute. 

A point T{x x , y lt %) and a plane M{u x , v lt Wj) are perpendicular when, 
using the notation of (5) , 

(30) £l n xy n -Ml=0, 

i. e. the point Tib parallel to (at a zero-distance from) the pole of M, and If is 
parallel to the polar plane of T. 

A point T and a line L are perpendicular when, with the notation of (6) , 



(31) 



J 



n 2 o - 
12 iA 88 



n u t % m 

% U22 W< 
N'i N 2 " B' m 
or, if (w 2 , v it w 2 ) is the plane of Tand L, 



2i2 12 I2 lg il 2 3 -\- i2 13 i2<22 — 0, or 

2WN i 'a a +N?Q u =o, or 



= 0, or 



■"ii -l9, -is 






U22 U23 
U32 TJ33 



= 



&n (U22 U33— Uls) — ^1 U22 = , or 



jiiii 



(32) \ n u (i^ U22 - NT ) - N?V»= ; 

». e. L is parallel to the polar plane of T, and T is parallel to the polar line of L. 
A plane M and a line L are perpendicular when, with the notation of (9) , 

U12 U33 — 2Ui2 Uis U23 + U13 U22 = , or 
J2"»U» B - 2i^5f ^Ui2+ ^fU22= 0, or 



(33) 



I 



Un Mt 


#ir 




Uu M, M 3 


M % il 22 


W 


= 0, or 


itz 2 I2 22 Il 23 


■*&#,' 


B! % 




7h 3 llgg II33 



= 0; 



(34) 



or, if (a: 2 , £/ 2 , Sg) is the intersection of M and L, 

j Un(^22^33 — GSs) — -^22 = , or 

1 Un(i2' a n 22 -^1)- Alfl 22 =0; 
*. e. if is parallel to the polar line of Z, and L is parallel to the pole of M with 
respect to the absolute. 

In the case of two lines L, JJ, with the notation of (11), one value of arc 

LLI is -jr when .5 = 0, and both values are — when B = and A G + A 2 = . In 
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the former case I call the lines simply "perpendicular," and in the latter case 
they may be called "doubly perpendicular," The condition for the perpendicu- 
larity of two lines is then 

(35) B = Q [orar = 0, or© =0]. 
This condition is equivalent to 

(36) n i3 + 2A 3 = and il 14 + 211,4 = , or 

(37) n 13 + l tta u =0 and n 23 + [iQ. u =Q, 

for some values of % and fi. The equations (36) imply that a certain point. 
(xCT ' ^±^5, -J±^) f x lies on the polar of 27, and equations (37) imply 

that a certain point ( X J±I^±, J^±i^ , %±^L) f J] lies on the polar of L, 

Kl+fi. l + fi 1 + pJ 
i. e. L intersects the polar line of II, and I! intersects the polar line of L. 

[The condition for double perpendicularity of L and I! is 

(38) B = 0, and J.C+A 2 =0; 
now, by (10), these two conditions give 

aa' + Pp' + yy'+So-^O, 
and by (36) and (37) and the former definitions of a, (3 , y, 8, a', (3', */, 8', 

a — (11]!+ Aili2)i2 23 , a = II23II44 il24il34=: (H34 + ^i^) II24 , 

P = (ilu + /III12) il 2 4 , p = il 24 il^ il 23 H34 = (II33 + ^il^) il 2 4 , 

7 — (&12 + ^22) A}3 > / = — X (H 24 H34 — £1 23 II44) = fall, 

= (lll 2 + ^il 22 ) ll 2 i j = /t(il 23 ll34 il24il33) = %p , 

aa' + pp + 7/ + w = (n u + 2^n B + va»)(a„a' + rw) 
= a| 4 (n u + 2m n + ^fi 22 )(n 3 3 + 2^34 + p»n«) , 

i. «. either (2f±**, *£&, *+^) or (^±!^, &+** , *±!«) lies on the 

absolute, and hence at least one of the lines L , B is parallel to the polar of the 
other.] 

If L and B are simply perpendicular and intersect, J3 = and A = , one 
value of arc BB is „- , while the other is . 

From these definitions of perpendicularity it follows that the arc of the 
distance between two given planes is equal to the arc of the (non-evanescent) distance 
between the two straight lines drawn from any point of their intersection, one in each 
plane perpendicular to their intersection. This is easily proved ; let M^, v x , w ± ) 
and M'(u 2 , v % , «? 2 ) be the two planes, and let M"(u s , v s , w 3 ) be the plane of the 
two perpendiculars to which reference is made in the theorem ; then, since the 
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intersections of M and M" and of M' and M" are perpendicular to the intersection 
of if and if, 

UllU23— Ul2Ul3=0> 

U12 U23 U22 U13 = , 
by (35), but in general U11U22 — U12 does not vanish, hence 

Ul3=0, U23=0» 

and the angle between MM" and M'M" is, by (12), 

2iifc y cos- 1 -M , 
Vffnffnn 

which proves the theorem. 

This proof also shows that if two planes are perpendicular to the same third 
plane, their intersection is perpendicular to that plane and to every straight line in it. 
Similarly if two points are perpendicular to the same third point, their junction is 
perpendicular to that point and to every straight line through it. With these defini- 
tions it is not true that every straight line perpendicular to a given plane is 
perpendicular to every straight line in that plane, or even to every intersecting 
line in that plane ; through any given point there pass an infinite number of 
straight lines perpendicular to a given plane, namely all which pass through the 
point and lie in either of the planes tangent to the absolute through the junction 
of the point with the pole of the given plane. One of these lines, namely the 
junction of the given point with the pole of the given plane is perpendicular to 
every straight line in the plane. [It is possible that the definition of perpen- 
dicularity of a point and a plane, a point and a line, and of a plane and a line 
should be narrower than that here given ; namely, it may be that a point should 
be considered perpendicular to a given plane only when it coincides with the 
pole of the plane, instead of being simply at a zero-distance from it; that a 
straight line should be considered perpendicular to a point only when it lies in 
the polar plane of the point ; and that a straight line should be considered 
perpendicular to a plane only when it passes through the pole of the plane. 
This narrower definition of perpendicularity will not, however, affect the further 
results of this paper.] If two straight lines are perpendicular to the same plane, 
they will not necessarily be parallel to each other ; and two planes which are 
perpendicular to the same straight line will not necessarily be parallel to each 
other. It is also evident that two planes parallel to the same plane are not in 
general parallel to each other ; and two straight lines parallel to the same straight 
line are not necessarily parallel to each other (the odds are equal that they 
will be so). 
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If T(x, y, z), T'(x + dx x , y + dy x , z-\-dz x ) and T"(x + d\, y + dy z , z + dss,) 
are three infinitely near points, and on TT' and TT" a plane quadrilateral is 
constructed whose other two sides are parallel to these, it will be seen, from (13), 
(12) and (6), that 



sm 



(TT', TT 



2tts T 



W 



A G— ff 
AG 



(TT', T") = 20f" 



Q, 8 t S, 8 2 S 
8 x ii, 8\Q, 8^2 
8 2 Q, 8&Q, d\i 



V Q[Q9iQ—(diSf\ 
(dx x , &c, b eing infinitesimal), where TT' and TT" denote the lines TT' and TT", 
(2T', ZT») is the angle between them, (TT 1 , T") is the distance between the 
line TT' and the point T", h x £i, h % £i, h\£l, h\£i are what h£l and Hi already 
defined become on the substitution of dx x , dy x , d\ and dx % , dy % , dz % for dx,dy,dz, 
and 

S^Q. = 8^ 1 D. = ~^-^dx 1 dx 2 + -^dy 1 dy 2 + ~^dz x dz % 

^ = n6f n — (^n) 2 , (7 = na 2 n — (^ay, b = ns&o. - s.d.^d. , 
n W* — ^n^n , nain — (a 2 n) 2 

hence 



jB 2 ~^L(7 = 



TT' TT" sin 



(TT', TT") _ (2ikf 



%¥ 



V 



J2 8 X Q 8 2 Q 
8^ 8{Q 8&Q 
4J2 8&Q 8\Q 



TT"(TT", T')=TT'(TT', T") = @9j&*D 



V 



ii 8 x U 8 % Q 

SJ1 8\Q 8 X 8 2 Q 
S 2 G 8 2 8 t S 8 2 2 S1 



I therefore take as the measure of the area of the infinitesimal parallelogram, 
& VI being a new constant, 
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(39) TT'T" = da = ^^- 



V 



d 2 S 



d x Q 8\Q d x d % Q 



K,Q\ 



V 



Q d x Q 8 2 Q 
d x Q S\Q d x d 2 i2 
d % Q dAG %Q 



where K % = , „ YI . a » and this expression for da is not altered if T" be moved to 

any other position on the side opposite TT', provided its distance from T remain 
infinitesimal ; the areas of infinitesimal parallelograms are therefore proportional to 
the products of their bases by their altitudes, either side being taken as the base. 
The area of any figure is then measured by the integral of (39) over the whole 
figure; namely, the figure is to be considered as divided into infinitesimal 
parallelograms, and its area is the sum of the areas of these parallelograms. It 
is to be noticed that the expression in the right-hand member of (39) remains 
unaltered if T" be infinitely little displaced On any straight line, through its 
former position, intersecting TT' at a distance from T which is not infinitesimal ; 
hence for this purpose an infinitesimal parallelogram may be defined as an 
infinitesimal quadrilateral whose opposite sides intersect at distances from its 
vertices which are not infinitesimal. 

Similarly if T'" (as + dx s , y + dy 3 , z + dz 3 ) be a fourth point infinitely near 

2ih 

TT'" = -g VSW S Q. - (8 s £lf, 

where the notation is sufficiently explained by the above definitions of 8 and $; 
the equation of the plane TT' T"(%, q, £ being current coordinates) is 



€ 



£ 



or 
where 



n <, 1 

x y z 1 

dx x dy x dz x 

dx % dy 2 dz % 

U% + VYl + W% + 1 : 



:0, 



x y z 
dx l dy x dz x 
dx z dy % dz 2 






dy x dz x 
dy t dz % 



x y . z 
dx x dy x dz x 

dx % dy % efej 



w = — 



X 


y z 


dx x dy x dz x 


dx 2 dy % dz % 




dx x dy x 




dx % dy t 



dz x dx x 
dz« (& 2 
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whence 



x y z 
dx 1 dy x dz-y 
dxn dy % dz 2 



U = 



dy 1 dzx 2 
dy % dz< 



+ 



dz t dx x 
dz<, dxo 



+ . 



dx x dy x 
dx 2 dy % 



X 


y 


z 


dx x 


dyi 


dZy 


dx% dy 2 


dzi 



s x £i %a. s^n 

then, with the notation of (9) , 

x y z 



fl + 1 $ x a 3 2 ft 

s x a h\a s x s 2 a 
8 2 a s^n %n 



sin 



dxi dy x dz x 
dx% dy 2 dz 2 



(TT' T", TT"') __ 



M* 



dxx dy x dz x 
dxz dy 2 dzi 
I dx s dy 3 dz 3 
dx x dyx d^ 
dfy dy % d% *J~Q 
dx s dy s dzg 



lOQQ — ftgr] 



Q d x ii 8 2 Q 
8 x S S\Q 8 t d 2 S 

where TT' T" means the plane of T, T' and T", and by (5), replacing the 
infinitesimal angle by its sine, 



mjit mn jin 



hence 







d®i %i d*i 








dx% dy 2 dz-t 




2ih" 


dx s dy a dzg 




1- 


Q d x Q d 2 Q 




d x Q S\Q d&Q 


Q 


V 


1 


\Q d&Q S\Q 







TT' T" TT'" sin 



(TT' T", TT'") _ (2iit)(2iF 1 ) 2 



2ilc™ 



TT'T" TT'T", T 



(2iF)(2iF 1 ) 8 



i& 



dx x dy x dz x 
dx 2 dy 2 dzi 
dxi dy 3 dz 3 

dx x dy x o\ 
dxz dya dz^ 
dx3 dy 3 dzs 



I take therefore as the measure of the volume of the infinitesimal parallelopiped 
on the three edges LI/, LL" and LL"', & VI being a new constant, 
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(40) 



TT' T" T" = dv = 



(2iF n ) s 



i& 



dxi dy x dz\ 
dx 2 dy 2 dz 2 
dx s dy 3 dz 3 



iKo& 



d%\ dy Y dz 1 
dx 2 dy 2 dz 2 
dx g dy 3 dz 3 



where K,= 



and an infinitesimal parallelopiped need merely be defined 



(2iF n ) 8 
as an infinitesimal hexahedron whose opposite faces meet at distances from its 

vertices which are not infinitesimal. It then follows that the volumes of infinites- 
imal parallelopipeds are proportional to the products of their bases by their altitudes, 
either face of each being taken as the base. The volume of any solid may be 
found by integrating (40) over the whole solid ; and for this purpose we may 
suppose the solid divided into infinitesimal parallelopipeds by planes whose 
equations are x = const., y = const., z = const., so that dy 1 , o\, dx 2 , dz % , dx 3 , dy 3 

vanish, and 

1 dxtdi/zdzg 



(41) 



dv = ik B 



The constants K % and K 3 correspond to the constant curvatures of space of 
two and three dimensions in G-auss' theory (see p. 210). 
A convenient transformation is 



(42) 
whence 



x 



= psinS- coso, ?/ = psinS' sina, s = pcos3', 



dx = do sin $■ cos a + p cos §• cos a d& — p sin 3- sin o dot, 
(43) - dy — do sin & sin o + p cos 3> sin a dS + p sin $■ cos a da , 

dz= dpcosS — psinS-^j 

then, with the value of £1 given by (1) , 

3n = odo, h*a = df+ pW + p 2 sin 2 3.do> 2 , 
h x \ £l = dp-L dp 2 + p 2 d&i d& 2 + p 2 sin 2 3> . da x da 2 , 
and (13), (39) and (40) become 

(44) 

(45) dd 

1 / 



ds = 2ik V ~ ^-P 8 (l -fW + gggg) 



K,l 



/p z (l — p % )m^^{d& 1 dco % — dd-^d(o^ J ^-{dp- s dd- 2 — dp^d^f-^- sw?&(dp t d(o 2 - 



-dpidwtf . 



(46) 



dv = 



1 /? 3 sin# 



iK 3 {l — p 2 f 



dfx d^.tk*! 
dp 2 d&z dxa 2 
dp 3 d& 3 da 3 



which expressions may be taken either positive or negative ; and, if a solid is 
divided into infinitesimal parallelopipeds by surfaces of the systems p = const., 
S- = const, a = const., the volume of any one of these parallelopipeds is 
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dv = 



1 f? sin ft dpi d& 2 da) s 



iK s 



(1-ff 



2\2 



(47) 

corresponding to (41). 

It will be seen that the new definitions here given are extensions of Profes- 
sor Cayley's definitions of " projective " measurement (Sixth Memoir upon 
Quantics, Phil. Trans., vol. 149, 1859) as generalized by Professor Klein {Math. 
Ann., Vol. IV). 

Application to the Sphere. 

A sphere is defined as the locus of points at a given distance (radius of 
the sphere) from a given point (centre of the sphere) ; the radius being r and 
centre (x lt y 1} %), the condition that (a^, y%, %) should be a point of the sphere 
is, by (3), 

(48) 



£%=O u n n cos 8 (-^j)' 



0, 



or, say, 

(49) aH u n 22 — pflj,; 

where £l n , n 22 , £i n are defined by (1). 

The sphere (49) will be a cone for certain values of %, (i determined by the 
equation 







an u 



— lix\ , 


— F^li '—(tXiZi, 


[IXi 


— (Mhy\, 


?i£l n —[iyl , —W1Z1, 


Mi 


— f&i*i> 


— Hyith, 2Sl n —ii4 , 


(IZ! 


{1X X , 


Mi , l^i . 


— /in u — [i 



i. e. in general for % = and p = a, . 

For 2, — the equation of the sphere is 

(50) nj, = o, 

i. e. the sphere consists of two planes coincident with the polar plane of the centre 
with respect to the absolute. In this case 

cos2 (4) = 7 

i. e. 

(51) r = ikQ. 

A great circle on such a sphere consists of two coincident straight lines. It 
is then evident that a plane may be considered as half a sphere of radius ikQ, 
and a straight line as half a circle of the same radius. The outside of such a 



y = 7= ' 
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sphere is the portion of space included between the coincident planes, so that 
the sphere includes all space, and the outside of such a circle is the portion of 
its plane between the coincident lines, so that the circle includes the whole plane. 
I shall presently find, by this means, the length of the whole straight line, the 
circumference and area of the whole plane, the area of the boundary of all space, 
and the volume of all space. 

For (i = % the equation of the sphere is 

(52) n u n 22 — n? 2 =o, 

i. e. the sphere is the tangent cone to the absolute from the centre. In this case 

cos2 (i) = 7 = 1 ' 

i. e. 

(53) f = 0. 

In the general consideration of the sphere, I take, for simplicity, the centre 
as origin, and write the variables (a?, y, z) instead of (a^, y z , Zjj); equation (48) 
then becomes 

i. e. 

( 54) rf + tf+ *= 1- sec* Q = - tan* Q =*>, say. 

With the polar system (42) , the equation of the sphere becomes 

(55) p = r. 

The form (1) of XI allows perfect freedom in the choice of the origin, of one 
coordinate axis through the origin, and of one coordinate plane through this 
axis, but when the origin, axis and plane have been chosen, the whole system 
is determined. The circumference and area of any great circle of the sphere 
will be most conveniently determined by taking this plane as the plane z = , 
i. e. the plane & = |-0. Then the circumference of the circle is, by (44) (putting 
p=r, £ = !0, dp = 0,d§ = 0), 

(56) C,= ±2ik :7 ^fdo = ±4ikd-j^=±4ikQ sin(^) 



= ±2&e (e^— 6 - ^), 

the latter of which expressions was given by Gauss; and the area of the circle 
is, by (45) (putting$ = |0, dp x =-dp, d!$i=0, da 1 =0, dp t =0, d& 2 =0, da % = da), 
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T 20 

m ^-= ± ijfX(f^= ± S(7!b.- 1 ) 

=-l[ i --(4)]=-S^(i)= ± i( si - s ")* 

The area of the surface of the sphere of radius r is, by (45) (putting 
p = <r, dp x = 0, d^^dS, da x = 0, <£p 2 = 0, c2& 3 = 0, da % = do) 

9 29 

(58) s?=± ~ r=k£/ sin ****» = =f $ sin * (i) 



»-2 • 





# 2 



7Qa » J j 

and the volume of the sphere is, by (47) (putting dp^dp, d&z=d&, da s = da) . 

t 9 20 



9 



M ,(6+-0:-*-2i). 

Prom (57) and (58) follows 

(60) ' ' ' # = 4*, 

»'. e. the area of the surface of a sphere equals the area of a circle of twice the radius, 
which corresponds to the theorem of the Euclidean geometry, commonly stated 
thus : the area of the surface of a sphere equals four times the area of a circle of 
the same radius. 

Formulae (56), (57), (58) and (59) applied to the case in which r = iJcQ give 

( 61 ) <?»a = 4^9 , A ikQ = ~y ' $*9 — ~x ' v «q = 7f ' 

whence the length of the whole straight line is 2ihQ, the area of the whole plane is 

-=r- > the area of the surface of all space is -=- > and the volume of all space is -=- • 

1 i 

In the Euclidean geometry K^ = — —^ , K 3 =-^> and Tc is infinite (see 

Professor Klein's paper, Math. Annalen, Yol. IV, p. 592, lines 3,4, where c has 

the same meaning as Tc in the present paper) , hence ^ is infinitesimal, 

• / r \ r . / f \ r r . / r\ 1 /r \ 3 1 

8m (2tic) = m' sm (W = 4fk' ¥- sm UJ = lUJ' and 

(62) Or=20r, A 7 = 0r a , # = 40P, 7 F =y 85», 
the ordinary formulas. 
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Before considering the areas of figures drawn on a sphere, it will be conve- 
nient to obtain the formulae of non-Euclidean spherical trigonometry. A 
spherical triangle is a figure on the sphere bounded by three arcs of great circlfis 
(intersections of the sphere with planes through the centre). The angle between 
any two such arcs may be measured by the distance (angle) between their 
planes or by the distance (angle) between the tangents to them at their inter- 
section; the angles of the triangle measured in the second way I call a, /?, y, 

then it may easily be proved that the angles measured in the first way will be 
Id _ 1<! — h* _ _____ 

-j^-a, -t^t ft, -Ty y; the lengths of the sides or bounding arcs opposite a, (3, y I 

call respectively a, b, c. 

I begin with the case of a right triangle (a right angle is the angle between 
perpendicular lines) ; let y be the right angle, i. e. y = = ih Y d, take the centre of 
the sphere as origin, the radius to the angle y as axis of x, the plane of the side 
a as the plane y = (*. e. a = 0) , then the plane of the side b will be the plane 
z = (i. e. S = -\o>\ For the radius to the angle (3, then, 6) = 0, S-=_Si, say, 
and for the radius to the angle a, S =|-0, a= : a x , say. Then, by (44) 

48 
a=^2h -~==J*d% = ± %h sin Q£) . (| — SO , 



the plane of c, the hypothenuse of the triangle, has the equation 

sin $■ cos co sin $ sin a cos 3 = , 

cos (Ox sincoj 

sin $! cos $i 

which may also be written 

sin (% — a) = tan $ x sin o^ cot $ , 
from which follows 

/Ton — • 2_ 7 2 — sin ^ • d & Vtan 2 &! sin 2 «i + 1 

V d& + sm 2 3 . da 2 = - j- . - ' == ' 

VI — (tan 2 ^ sura^-j- l)cos ,! fi' 

and then, by (44) , 

49 48 

07 T r /^k?~, — ^tts — t-9 m T T sin#d«? Vtan 8 ^ sin 8 «_ + 1 

c = =f 2& -j g / Vc& 2 +sm 2 3.<&> 2 = =F 2&-7f=i / 7= fJ . ,u .\ , jT il 

VI— rV* ^ VI — rV Vl — (tan 2 ^ 1 sin s w 1 + l)cos 2 <? 

= dt 2ik sin ( ^77 J cos -1 (sin Si cos 6) x ) ; 
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the planes of a, b, c are 

^ = 0,2 = 0, — x cos S x sin o x + y cos Si cos oi + z sin S x sin o 1 = , 
respectively, hence by (4), 

F a=2 ^ COS (vcoB^ 1 + S in^smW = 2 ^ taT1 Hcot^coseco,), 
£?= 2W c°s-* ( Vco8 ;^ s C .;/;; ^ J = 2» tan^tan^ tanaO. 

t". e. a = 2^ v tan~ 1 (cotS 1 coseca)]), (j = 2i76 v tan _1 (sec3'i tanc^). 

From these values of a, b, c, a, /? follow 



cos — . - . : = cos / - ■ ■■ \ COS 






tan 



l 2 ^ sin (^)/ [ 2ik8ia (ik)j ' \ 2ikBhl (id 

(^) =sh (^S)) to(i?> 



tan/ \ = sin/ — - _ . \tan( ^^ ), 

1— Ga)j l»-(i)) U; 

where the ambiguous signs in the right-hand members have been so determined 
that for small values of a and b , c shall be small, and for a small positive value 
of b and values of a and /? less than ih Y d, a shall have a small positive value. 
Now these three formulas are what the corresponding formulas of the 
Euclidean trigonometry for the sphere of radius unity become when for each 

side is substituted that side divided by 2ik sinT^J and for each angle is sub- 
stituted that angle divided by 2ik Y ; and it is possible to obtain the formulas for 
any spherical triangle whatever, by dividing it into two right triangles, from the 
formulas just written ; hence the formulas for the non-Euclidean trigonometry on a 
sphere of radius r are obtained from the formulm of the ordinary spherical 

trigonometry by substituting for each side that side divided by 2ih sin (—^ j and for 

each angle that angle divided by 2iJc Y . 

The area of the right triangle above considered is, by (45) (putting o = r, 
d&i = d& , da x = , d^ = , dm % = du) 

w, 49 



(T = =fc 



o 
Vol. V. 



/ / sin 3 d& da 
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where the lower limit of $■ is 

.j/sin^! — w)\ _j/ sm{ai x — a>) 



\tan #j sin «>i/ \Vl + tan 3 W t sin 2 w x — cos 8 (wi — w)/ ' 



*. e. 



J^ 2 \2ikJJ Vl + tan 2 ??! sin 3 o> 1 — cos 3 (ft>! — a>) 



=-rKi ¥ ^-- — ^^ 



\)[tm~'( ., , t ,, c08 . ( t~"' ) „ o r 

lA/L \v 1 + tan 4 ;?! sura*! — cos^ttfi — «)/-«o 

= sin 2 f ^_ J [tan -1 (cot ^ cosec^) — tan -1 (cot ^ cotOi)! 



=-i«(i)(^ tI - 9 ) 



Now any spherical oblique triangle whose angles are a, "]$, y can be divided 
into two spherical right triangles the sum of whose angles is a + fi-\-y-{-2ik Y d, 
and the sum of the areas of these right triangles, as determined by the formula 
just written, i. e. the area of the oblique triangle, is 

i. e. the area of any spherical triangle on a sphere of radius r is -==■ sin 2 ( — J times 

the excess of the sum of its angles divided by 2ilc Y over Q. For the plane r = ihQ, 
and the area is 

This expression shows that the Euclidean area of any triangle on a sphere of 
radius unity bears the constant ratio K % to the non-Euclidean area of the plane 
triangle having the same angles (when W ■=■ — \%), which is a proof, different 
from that given by Professor Klein {Math. Ann., Yol. IV, p. 619), that the plane 
non-Euclidean geometry is identical with the Euclidean geometry on .a surface 
of constant curvature K % ; and this proof proceeds directly from Gauss' definition 
of curvature. 

These formulae can evidently be extended to a spherical polygon of any 

number of sides; the area of a spherical polygon of n sides is -=r sin 2 ( —rr ) times 
the excess of the sum of its angles divided by 2ih Y over (n — 2) 9 . 
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The area of a conic may be found in a similar manner, namely, taking the 
plane of the conic as the plane 3 = 0, and any two sides of that triangle which 
is self-conjugate with respect to the conic and also with respect to the section of 
the absolute by the plane z = as the axes of x and y, £l = x* + y*— 1 and 
the equation of the conic is 

4+^_ 1=0) 

where (±p, 0) and (0, ± q) are the intersections of the curve with the axes of 
a? and y. If now ± a and ± b are the distances of these intersections from the 
origin, by (3), 

°°*Gs) = r=> *■ * P = ± » tan ©' 

cos8 (4) = r=?' ie - ? =± * tan (4)' 

and the equation of the conic is 

^. + C_ + l = o 

or the coordinates of any point of it may be written 

x=p cos^ = « tanQ^Jcos-^, y = q sin^ — i tanfjrj sin*^, 

and the area of the conic is, by (39) (putting z = Q,dx 1 =.dx, dy 1 = , dx z = , 

dy 2 =dy) 

p 

1 /* /* dxdy 4 /»r y ~\ y= p ^p'— x * , 

i;J J (l—j—tfp — ^J L(i— ^)vr^=^J y=0 

• [1-^(4)^]^- i-=i§W 



W// 



4i /»x J sn acnadna sn a « dw 4i . . 



where am ^ , modulus % , and parameter a are defined thus : 

cos(— '-) 
:+,«<= VT=7=-^. -*«..= - S b'(i), 



aatc 

cos/ 



i^ is the complete elliptic integral of the first kind, and U^u, a) is the complete 

elliptic integral of the third kind in Jacobi's notation. 
Baltimore, December, 1882. 



